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The homotopy elements hghy,

Classical ASS and ANSS

e Let p > 5 be an odd prime. One has the classical Adams spectral
sequence (ASS) and the Adams-Novikov spectral sequence (ANSS),
they all converge to the stable homotopy groups of spheres.

(B d} = m.(S)) Ey = Extyp pp(BP., BP,)
| X
{E' d} = m.(S)) By = Bzt (Z/p, Z/p)

Between the ANSS and the ASS there is the Thom map ® induced
by ®: BP — HZ/p.
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The homotopy elements hghy,

To detect the E5-terms of the ASS and of the ANSS, one has the
following spectral sequences

MSS MSS

_ BSS _ Css CESS
H*(a,'Q/(q0 - an—1)) —> H*(a;'Q/(¢§° - -+ af2 ;) —> H™ (P, Q) —=> Eat%’

Alg. | NSS A|g¢NSS Alg-lNS% i/ASS

_ _ css ANSS
H* (v, 1BP./(p- - vn,l))B?SH*(vn IBP,/(p™> - v 1)) > EztsB’;_.,*BP > (S)

MSS

where P =Z/pl&1,&2,-+-] and Q = Z/plqo, g1, - - ].
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The homotopy elements hghy,

The homotopy elements hyh,,

o One has Byn/pn_1 € Extyp pp(BP., BP,), which is detected by
the CSS and ®(B,n /pn—1) = hohny1.

CESS
H*(P,Q) == Euxt}
Alg.il\ls/ | Ass
HO(UngP*/(poovv?o)) C4>SS tBP*BPANSSﬂ-*(SO)

Byn jpn—1 € Batyy, pp(BPy, BP,) C m.(BP A X»)

Jo | i

hohni1 € Ext¥*(Z/p,Z/p) C . (H A X2)
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The homotopy elements hghy,

e The convergence of hghy 1 in the classical ASS (that of Byn /pn_1
in the ANSS) have been being a long standing problem in stable
homotopy groups of spheres.
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The homotopy elements hghy,

e The convergence of hghy 1 in the classical ASS (that of Byn /pn_1
in the ANSS) have been being a long standing problem in stable
homotopy groups of spheres.

e Let M be the mod p Moore spectrum, M(1,p™ — 1) be the cofiber
of o 1S M — M.

Xiangjun Wang On the homotopy elements hghy,



The homotopy elements hghy,

e The convergence of hghy 1 in the classical ASS (that of Byn /pn_1
in the ANSS) have been being a long standing problem in stable
homotopy groups of spheres.

e Let M be the mod p Moore spectrum, M(1,p™ — 1) be the cofiber
of o 1S M — M.

Secondary periodic family elements in the ANSS, D. Ravenel

Theorem Letp > 5 be an odd prime. If for some fixedn > 1,
e the spectrum M(1,p™ — 1) is a ring spectrum,
® Byn/pn_1 is a permanent cycle and
e the corresponding homotopy element has order p,

then B,n /; is a permanent cycle (and the corresponding homotopy
element has order p) for all s > 1 and 1 < j < p™ — 1.

<
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The homotopy elements hghy,

e S. Oka proved that M(1,p"™ — 1) is a ring spectrum.

Xiangjun Wang On the homotopy elements hghy,



The homotopy elements hghy,

e S. Oka proved that M(1,p"™ — 1) is a ring spectrum.

e From the theorem above and the convergence of hoh,,+1 one can
prove the (3,n/,»_1 is a permanent cycle of order p.

[ ]
~ S*
Bon jpn— 0
// lﬁp"/p"—l
y-1M S0 b S0
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The homotopy elements hghy,

e S. Oka proved that M(1,p"™ — 1) is a ring spectrum.

e From the theorem above and the convergence of hoh,,+1 one can
prove the (3,n/,»_1 is a permanent cycle of order p.

[ ]
~ S*
Bon jpn— 0
/ / l 'BN
y-1M S0 b S0

People concerned with the triviality of vfn*lﬂﬂvpn/pn_l

S*M (1, pn —
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Toda differential

Toda differential

e oy and by = f1 in Extyp pp(BP., BP,) are permanent cycles in
the ANSS, they converges to the homotopy elements ay, 51
respectively.
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Toda differential

e oy and by = f1 in Extyp pp(BP., BP,) are permanent cycles in
the ANSS, they converges to the homotopy elements ay, 51
respectively.

e H. Toda proved that a; 37 = 0 in m.(S9).
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Toda differential

e oy and by = f1 in Extyp pp(BP., BP,) are permanent cycles in
the ANSS, they converges to the homotopy elements ay, 51
respectively.

e H. Toda proved that a; 37 = 0 in m.(S9).

e The relation 137 = 0 support a Adams differential
d,(z) = a1 b}).

It is detected that @ = by i.e dp—1(b1)) =k - a1 b}
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Toda differential

Toda differential

e oy and by = f1 in Extyp pp(BP., BP,) are permanent cycles in
the ANSS, they converges to the homotopy elements ay, 51
respectively.

e H. Toda proved that a; 37 = 0 in m.(S9).
e The relation 137 = 0 support a Adams differential
d,(z) = a1 b}).
It is detected that @ = by i.e dp—1(b1)) =k - a1 b}
e Based on day,_1(b1) = k- a1 b, D. Ravenel proved that

dgp_l (bn) = Oélbp

n—1
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Toda differential

e Consider the cofiber sequence
LN S
which induces a short exact sequence of BP-homologies
0 — BP, 2> BP, —> BP,M —> 0
e The short exact sequence of BP-homologies induces a long exact

sequence of Ext groups and it commutes with the Adams
differential:

Extyp 5p(BP.,N) is denoted by Ext®!(N) for short.
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Toda differential

-+« —= Bat'"*(BP,) —= Ext"*(BP,M) — > Ext**(BP,) —= - --

¢d2p71 l/d2p71 ¢d2p71

-+ — Ext?*(BP,) — Ext?**(BP.M) e Ext?t1*(BP,) — - .-
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Toda differential

-+« —= Bat'"*(BP,) —= Ext"*(BP,M) — > Ext**(BP,) —= - --

¢d2p71 l/d2p71 ¢d2p71

-+ — Ext?*(BP,) — Ext?**(BP.M) e Ext?t1*(BP,) — - .-

e There are elements v; € Ext%*(BP,M), h,+1 € Ext\*(BP,M),
vt | € Ext??*(BP.M)

(1) =bp, d(v1by,_y) =onby_y
5(U1hn+1) :61)"/;0"—1’ 6(”%1717;—1) :O‘2b£—1'
e So in the ANSS for the Moore spectrum one has
dap—1(hnt1) =v1b,_4, dap—1(vihny1) =vibh_ .
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Toda differential

-+« —= Bat'"*(BP,) —= Ext"*(BP,M) — > Ext**(BP,) —= - --

¢d2p71 l/d2p71 ¢d2p71

-+ — Ext?*(BP,) — Ext?**(BP.M) e Ext?t1*(BP,) — - .-

e There are elements v; € Ext%*(BP,M), h,+1 € Ext\*(BP,M),
vt | € Ext??*(BP.M)

(1) =bp, d(v1by,_y) =onby_y
5(U1hn+1) :61)"/;0"—1’ 6(”%1717;—1) :O‘2b£—1'
e So in the ANSS for the Moore spectrum one has
dap—1(hnt1) =v1b,_4, dap—1(vihny1) =vibh_ .

e Applying the connecting homomorphism §, one has
d2p—1(/6p"/p"—1) = 0421717171-
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Toda differential

We could NOT prove that
asbl_, € Bty (BP,, BP,)

is non-zero in the Ext groups although a;b% _; is non-zero.
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Toda differential

We could NOT prove that
asbl_, € Bty (BP,, BP,)

is non-zero in the Ext groups although a;b% _; is non-zero.

o azby = 0 because azf; = 0. And we know that 3,1 (resp.
hohz) survives to E
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Toda differential

We could NOT prove that
asbl_, € Bty (BP,, BP,)

is non-zero in the Ext groups although a;b% _; is non-zero.

o azby = 0 because azf; = 0. And we know that 3,1 (resp.
hohz) survives to E

J. Hong and ~

Let p > 5 be an odd prime. Then 3,2/,2_; is a permanent cycle in the
ANSS. So hghs is a permanent cycle in the classical ASS.
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Toda differential

o

gae

gc®
2 (1)

g7 eegs B2 m2_1
0 a(p® +1)—4 a(p® +1) -3 a3 +1) -2
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Method of infinite descent

Small descent SS

e Let T'(m) be the Ravenel spectrum characterized by
BP.T(m) = BP,[t1,t2, - ,tm]. One has

SO T(1) = T(2) = --- = T(m) < --- — BP
e Let X be the (p — 1)q skeleton of T'(1), where ¢ =2(p — 1)
X =58%Uq, €9 Uq, €29U -+ Uy, eP~a

and let X = SOU,, e9U---U,, eP=2)9 be the (p — 2)q skeleton of
T(1).

BP,X =BP,[t;]/(t), BP. X =BP,[t;]/(t2 ")
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Method of infinite descent

e One has the cofiber sequences

S0 X IID'e Sp=1a
YIX Y1X Sra ¥PaxX
SPa NLD'e ne+axy o g(2p—1)q
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Method of infinite descent

e One has the cofiber sequences

S0 X IID'e Sp=1a
YIX Y1X Sra ¥PaxX
SPa NLD'e ne+axy o g(2p—1)q

e The cofiber sequences gives raise short exact sequences of BP,
homologies

0 BP, BP,X ———= BP,X1X —=0

0 —= BPY'X —= BP, XX BP, 5P 0

0—= BP,SPY —s BP,YP1X —> BP,X(PtDiX —~
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Method of infinite descent

e From the short exact sequences, one gets a long exact sequence

0 — BP, — BP,X — BP, 27X — BP,=P1X — BP,n(PtDix ...

and the long exact sequence induces the small descent spectral
sequence.

SDSS, D. Ravenel

Let X be as above. Then there is a spectral sequence converging to
Extyp's p(BP., BP,) with Ey-term

E}Y = Baty’s pp(BP., BP.X) ® E[a1] ® P[Bi]
where

Ef’t’o :El‘ts’t(BP*X), a EE?’q’l, B GE%ZD%?.

and d, : Bot% — Fe-rHltutr
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Method of infinite descent

D. Ravenel 1984

Let p > 5 be an odd prime, then with in ¢t — s < q(p3 +p)
Bty pp(BP.,BRX®E})=A®B&C

where ® E? means except for the first periodic homotopy elements.
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Method of infinite descent

D. Ravenel 1984

Let p > 5 be an odd prime, then with in ¢t — s < q(p3 +p)
Bty pp(BP.,BRX®E})=A®B&C

where ® E? means except for the first periodic homotopy elements.

e Because the total degree t — s of 31 is pg — 2 = 2p?> — 2p — 2 and
that of B,2/,2 1 isdp —2 mod pq—2
p? +1
202 —2p—2 /2p* —2p3 +2p—4
2p* — 2p* — 2p?

2p? +2p — 4
22 —2p —2

4p = 2
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Method of infinite descent

We computed the total degree of the generators in (A@® B @ C) ® Efa]
mod pq — 2. From which we get the F;-term of SDSS

s+ u
g1e
O.\Q
goe

gse

gq®

gde®

21— g7 eegg
Bp2/p2 -1

0 q(p® +1) -4 a(@®+1) -3 q(p® +1) — 2
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te descent

Method of i

Then we computed the Adams differential and get d,.(3,2/,2-1) = 0.

s

,3((12\1

d.

o

gze

o

gq®

gce
21— (1)
g7 eegg sz/p271
3 3 3
0 q(p” +1) —4 q(p” +1) -3 q(p® +1) —2
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Further consideration

Further consideration, where is /3 /p and m/3)/1

- CSS CESS
HO(a3 1 Q/(4§°, af%)) ——>= H"(P,Q) —_—> Eut}y

AIg.\LNSS AIg.\LNSS/ i/ASS

_1
HO(UZ BP,/(p™,v17)) ?ETtBP*BP mﬂ*(so)

CESS

2q1&1, b1 2q1€1 - b) ——> @b #0
A|g.lNSS A|g.lNSS

w2 Wb P o_o

P pol §>a2’ oo a2 By =

dop— 1(ﬁpz/p 2_1) = agfB? ,/p and By2 /p2—1 survives to E, imply

azff?

p/p
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Further consideration

o V) =pb, #0in Bty pp(BPy, BP,), but i.(B,/,) = 0 in
2p,*
Extyy pp(BP., BP.X)

, I i )
- —> Ext* "1 (BP,29X) —> Ext®(BP,) —> Ext®(BP,X) —> - - -
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Further consideration

o V) =pb, #0in Bty pp(BPy, BP,), but i.(B,/,) = 0 in
2p,*
Extyy pp(BP., BP.X)

, I i )
. —> BExt* "1 (BP,S9X) —> Ext®(BP,) —> Ext®(BP,X) —> - - -

e We computed the F;-term Ef’qps"" of the SDSS subject to
s + u = 2p, which is generated by

ﬁlhn’Yzng‘g 51041512)0_377;7 ﬁ%lalf)-
This gives a relation 3,/, = $1g and
azﬁ,’,)/p = azf19 = 0.

At prime p = 5, 63/5 = B12952 and agﬁg/S =0 (D. Ravenel's Green
Book).
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Further consideration

Conjecture

o Here we guess 3}, = Brhi172bh5° and
5§/p = 51}111’72512753
552/1)2 = B1haihy183bhy

By

(i+2)p—i—2
i jpi = PLhiahiony - hiag 7 b

Bypr—2pr—2 = Bihp—2.1lp—31 - hua](, &

where agfl ) is the i + 2-ed Greek letter elements.
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Further consideration

Conjecture

e Fori=0,1,--- ,p—2

a2Bpi jpi = azfBrhiihi—11 -+ hquEH )bf;f?) =0

and forn =1,2,--- ,p—1, Byn/pn_1 survives to E
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Further consideration

Conjecture

e Fori=0,1,--- ,p—2

a2Bpi jpi = azfBrhiihi—11 -+ hquEH )bf;f?) =0
and forn =1,2,--- ,p—1, Byn/pn_1 survives to E

e There is the doomsday for B,n /n 1
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Further consideration

Conjecture

e Fori=0,1,--- ,p—2

(i+2)  p—i—2
a2Bpi jpi = azfBrhiihi—11 -+ hiiog 17 by 0" =0

and forn =1,2,--- ,p—1, Byn/pn_1 survives to E.

e There is the doomsday for 3,n /,n 1. If the doomsday for V' (n) is 50
years old, (V/(251) does not exist), the doomsday for hgh,, is 100.
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Further consideration

Forn > p—1, agByn/pn # 0 and

dop—1(Bpnt1 jprti_1) = Oézﬂzn/pn-

From Bys/pr—1, Bynjpn—1 does not exist and from hohyi1,
hoh,, does not exist.
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Further consideration

Thank you!
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